MODELS OF HYPERBOLIC GEOMETRY

MATTHEW D. STALEY

SAN FRANCISCO STATE UNIVERSITY

ABSTRACT: Hyperbolic geometry naturally arises from the context of Spe-
cial Relativity. Spacetime is modeled as a 4 dimensional real manifold. Using
the Lorenztian inner product on this manifold, we obtain the geometry of a
hyperbola. We will investigate the nature of real and complex hyperbolic ge-
ometry in a more general setting. We are mostly concerned with the Poincare

Disc Model, its tangent space, and whether or not we have a conformal map-

ping.

1. REAL HYPERBOLIC MODELS

We begin our study in the ambient space R™™!, with x = (z1,...,%pn, Tni1) €
n+1

R™*1. Denote the Euclidean Norm for x € R"*! as ||x||* = Z Ty
k=1

Definition 1. Let x,y € R""'. The Lorentzian inner product is defined to
be

<X Y (1) = 1Y + o+ TplYn — Tnt1Yntl-

This is a symmetric bilinear form and is allowed to take on negative
values, unlike usual inner-products. In fact, Hyperbolic Space is defined for

such constant negative values. The (n, 1) denotes the signature.

Definition 2. Real Hyperbolic-n space is the set

Hp = {x e R""' : <x,x >, = —1} CR"""
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Figure 1: Minkowski Spacetime

Example 1. When n = 3 we have H% as a model of Minkowski Spacetime.

The Lorentzian inner product equation becomes
2 2, 2 2
x]+ oy +az—a;=—1

We can think of (z1, 2, z3) € R® as spacial coordinates and x4 € R as time.
If we fix one of the spacial coordinates at the “origin”, say 1 =0 (such as a
fized observer), then the resulting equation becomes x5+ x3 — 23 = —1. This
18 Just a hyperboloid in two sheets whose boundary is the “light cone”, which

is where < X,X >@,1)= 0. (See Figure 1 above, Source: Wikipedia)

We now wish to model Hp for any n. We are only interested in the
positive, or upper hyperboloid sheet, of the hyperbolic space. There are
several ways to do this, such as the upper half plane model and stereographic
projection. The following Klein Disc Model is a very intuitive approach to

modeling Hpg using projections.
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1.1. THE KLEIN Disc MODEL

We start with a vector x € Bj = {||x||> < 1}. Think of B} embedded
into R**! at x,,; = 1. We want to map x into H” C R""! by projecting
from the origin, through B" and into Hp. We need to scale the vector ap-
propriately so that x — (Azy,...,A\x,, A) € Hpg. To find the A that works,
we simply plug it into the Lorenztian inner product equation and solve for

it:

Az))2 4+ -+ ()2 = N = —1

N (Ix* = 1) = -1
B —1
[P -1
B 1
=[x

)\2
)\2

We want the upper hyperboloid, so we take the positive square root to

obtain
1

VI[P

Definition 3. Let &: By — Hyg by

X

Xi—)( T1 2 Tn 1 )
VISP VI-IRPT T VI=TRP T V=P

See Figure 2 on next page.

1.1.1. THE COLUMNS OF D®

Note that ®(x) is now a vector sitting in R"™! and each vector component

i=1,...,n+1land j=1,...,n. Thus D® is an (n+ 1) X (n) matrix.

is a function, say f, of n variables. We want to compute D® = [%} for
J
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A Rr+l /

Figure 2: Klein Model

T

Proposition 1. Denote f;(x1,...,2,) = fi = —2— fori=1,...,n and
p filar o an) = fi = o f
T m Then we have the following:

afi XTilj

1. Fori1# 3 = .

o 0fi 14 ai— x|
2. Foriv=j, 0z, 1 | )3/2.

Ofn j
3. Fori=n+1,andj=1,...,n, f+1: = 3/2°
Jrj  (1—|x[|*)

Proof. These derivatives easily follow from the usual quotient and chain rule

formulas from calculus as follows:
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1. Fori # j,

of; a( 7 ):O—xi(%u—Hx!|2>—1/2<—2xj>)

or;  Ox; \ /1 |x|]2 1 —|[x[[?
_ —wie) AT g
1= []x][[? (1 = [[x[[%)**

2. For i = j,

3_%_8xj

of; 0 i _ V=[P = (50— [P 2 (—2a5))
1— [|x|] 1—[Jx||?

_ 1 (1—|IXII2+~T?)_1+93?—||X||2
VI=[x[[E\ 1= (1= [|x[[>)*2
3. Fori=n+1,and j=1,...,n

afnJrl _ i
81']- 8xj

Lj
(1 — []x[[?)3/2°

(=[x~ = —%(1—HXH2)_3/Z(—2$]~) =

O

Definition 4. The Tangent Space at point p € Hpy will be the span of the

column vectors of D®, that is:
T, Hy = span{ fi,....fn : fi € DO}.

1.1.2. THE KLEIN Disc MoODEL IS NOT CONFORMAL

Proposition 2. Denote the I'" column of D® by a and the J™ column by
B. Then for I # J, < a,f >@m1) # 0.
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Proof. Let us write out what o and 3 look like as column vectors:

T1X1

Tr1xr
L+ a7 —|Ix|?

Xr41T1

(1—[1x]1*)*%a =

)
T j-1Tg

Tjxy

Tj4121

Tnlg

Xy

(1 I1xI1?)**s

Then using the Lorentzian inner product on « and S,

(1= x| )° < o, 8>

=zpry(@]+ -+t 1o — |x])P e, +

1T g

Tr-1Tg
Trx g

Ty

Tj-1Tg
L+ — x|

Tjy1lg

Tnl g

Xy

+ a1+ a25 —|x|)P+ a5+ +al—1)

= wrry (|[x]* + 1+ 11— []x|* — [)x|[*)

= T1ry (1 — HXH2) .

< avﬁ >(n,1) =

(1 — [1x[[*)

Trx g

Note that this value is dependent on the last coordinate of the column vectors
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chosen. These two are only zero whenever x = (0,...,0,0). But this is not
in the domain of ®, and so < a, f >(,1)7 0 for any «, 3 € D®. ]

Corollary 3. The columns of D® are not perpendicular, and so angles are

distorted. Thus the Klein Disc model is not conformal.

1.2. POINCARE Disc MODEL

In this model, we want to map a vector x € Bpg, this time centered at
Tpr1 = 0, to Hp. To do this, we project from the point (0,...,0,1)
through Bp to a point tx € Hp, where ¢ > 0. Thus we have that
y = (txy,...,tx,,t —1) € Hpg if and only if

(to))> 4+ -+ (tzp)* — (t — 1) = —1
() -t +2t—1=-1
e (|x|P—=1) = -2t

= ——
1— x|

Definition 5. Let U : Bp™ — HE by

21y 2, 1+ ||x]|[?

\\/) = — 0 ... .
() (1—||x||2’ ’1—Hx||2’1—|rx||2>

See Figure 2 on next page.

1.2.1. 'THE COLUMNS OF DV

As before, we have a function of n variables for each vector component in

U(x). Then we can compute DWW = [%} fori=1,...,n+landj=1,...,n.

So DU will be an (n + 1) x (n) matrix. Again, there are three cases for the

entries:
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Rn—i—l

Figure 3: Poincare Disc Model

Proposition 4. Denote fi(z1,...,x,) = fi = PQHL;HZ, fori=1,...,n and

Foug = P
LT xR

. or 1 = .
D T (1 xR

Ofi _ 2+ 4af — 2/
O (L—[xIP?)®

2. Fori=j,

ofn 4o
3. Fori=n+1andj=1,...,n, fH: i 5
Ozj (1 —|x|)

Proof. 1. For i # 7,

Oxj  Oz; \1—|x|? L=IxlP? 1=
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2. For i = j,

9 ( 2z ) _ A= IIM)@) = Q) (=22:) 2+ 4w — 2| [x]|”
9z \1 — [Ix]? (1= [[x[[*)? (= IkxlP)?

3. Fori=n+1land j=1,...,n,

Ofntr 0 (1 + ||X||2) _ (A= X)) — A+ [x|*)(—22))

Or; — Ox; \1—|[x]? (1 — [l [?)?
_ 2m 2| 4 2 + | IX|P 4wy
(1= {lx|[*)? (1 = [x[[*)*

]

Definition 6. The Tangent Space at point p € Hy will be the span of the

column vectors of DV, that is:
T, Hy = span{ ¢1,...,9, = ¢; € DV}

1.2.2. THE POINCARE Disc MODEL 1S CONFORMAL

Proposition 5. Denote the I'" column of D® by n and the J* column by
§. Then for I #J, <n,§ >»1)=0.

Proof. Let us write out what 1 and £ look like as column vectors:
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dxyxr 42
drr_1xp dry_1xr
2 + 4% — 2||x||? dxrry
drrixp drrixy
2 : 2
(1=1xI*)" n= o (=P )T €=
drj g dry g
41’J$[ 2—|—4£L‘2J—2||X||2
4JZJ+1JI] 4JIJ_|_1ZL‘J
4x,Tr 4x,T
dx 4x

Then using the Lorentzian inner product on 7 and £ we get:
2\ 4
(1 - ||X|| ) < 7775 >(n,1)

1 1
= 16z, (a} + -+ iy + 5+ 27— Sl +2h 4

1 1
+"'+I3—1+§+$3—§||X||2+$2J+1+"'+3772z—1)

= 16272, (|[x|2 = |Ix|[2+1—1) =0.

Thus we have < n,§ >,1)= 0, which further tells us that the columns of

DV are orthogonal with respect to the Lorenztian inner product. O
Proposition 6. ¥ is a conformal mapping.

Proof. We have already shown that the columns of DW are orthogonal. We
want to show that all the columns have the same length. Let n € DU as
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above. Note that when column [ equals row I we have
(2 + 47 = 2||x|[*)* = 1627 — 1627||x|[* + 1627 + 4 [x[|* — 8[|x[|* + 4.
2\ 4
=1 <nm>@y

=1627(x7 4+ -+ 2]+ i+ +al—1) +
+ 1627 — 1627||x||* + 1627 + 4|x||* — 8||x||* + 4

= 1622 (Z a2 — ||x||? — 1) + 1622 + 4||x||* — 8||x||> + 4
k=1

= —162% + 1622 + 4(1 — 2||x||* + ||x|[*)

= 4( 1 []x[]* ).

4
< 77777 >(n,1) = ( 1 . HXH2 )2

This is a constant length for any choice of n € DW. Thus we have that U is

a conformal mapping. O

Corollary 7. The Riemannian Metric on the Poincare Disc Model is

4 ZL dx?
9= ——— 1 799"
(1 —[lx[[?)?
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2. PROJECTIVE SPACES AND COMPLEX STRUCTURES

Before we begin our investigation of hyperbolic n—space in the complex case,

we layout a few necessary definitions and examples about Projective Spaces.

2.1. PROJECTIVE SPACES

Definition 7. Let V be a vector space. The projective space P(V) associ-
ated to V, is the space of all lines through V. We denote a point in P(V)

corresponding to the line spanned by a nonzero vector v € V by [v].

Example 2 (Riemann Sphere). The Riemann Sphere is the complex plane
plus a point at infinity. We associate this with the complex projective line
Pt = CU{c0}.

Example 3. Let V be a complex vector space of dimension n + 1. FEvery
line in C"*1 will intersect the unit 2n + 1 sphere in a circle. Thus P(V) =
St /U(1). In other words, P(V) is the quotient space of the unit sphere
S+l in C"HL under the action of the unitary group U(1). It should pointed
out that U(1) is homeomorphic to S*, since for any z € U(1), |2]* = 1.

2.2. COMPLEX STRUCTURE

Let V be a complex vector space. Then there is a real vector subspace,
Ve ={M : A€ R,v €V} We can define an automorphism on Vg by scalar
multiplication by i = v/—1. Denote this map J : Vg — Vg by v — iv. Note
that this map satisfies J> = —Z, where Z is the identity map (matrix) and
J=Jol.

Definition 8. An endomorphism, J, of a real vector space that satisfies

J? = —T, is called a linear complex structure.

Definition 9. Let M be a smooth manifold. An almost complex structure J

on M is a linear complex structure on each tangent space of the manifold,
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which varies smoothly on the manifold. That is J : TM — T M is such that
J?=-T.

Definition 10. Let w be any function on a complex vector space. Then w is

J-Linear if w(J(z)) = J(w(2)).

Example 4. Let w: C"/{0} = C" by (z1,...,2,) — (HZIH,---, Han)
Z1 Zn

Then w is J-Linear:

W21, 20) = wlizg, ... i2,)

_( i 1Zn )
izl [izall
_( i1 P2 >
il 1zl fa] - ] 2all
(. z1 zn>
= (i o
2|l ]2
21 Zn
=7
(||21||’ ’||2n||)

=J(w(z1,...,2n)).

3. CoMPLEX HYPERBOLIC GEOMETRY

We think of C"*! as C" x C. For z € C"™!| we write z = (21,..., Zn, Znt1),
where each zp = x; + 1y € C, for some xp,yr € R. In the real hyperbolic
case we used the Lorentzian inner product, which was a symmetric bilinear

form. To generalize this to the complex case we have the following.
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Definition 11. A Hermaitian form on a complex vector space V is a paring

<wv,w > € C for all v,w € V, which s bilinear over the reals and satisfies
1. <v,w> =< w,v> forallv,w €V and
2. <av,w>= a<wv,w> foralv,we)V, aecCC.

Note that we lose bi-linearity over C here because for a € C

<v,aw > = <qw,v > = a<Ww,v> = a<w,v> = a<v,w>.

Another consequence is that < v,v > € RV v € V. There are many types
of Hermitian forms. We are interested in the form that is analogous to the

Lorentzian inner product.
Definition 12. The First Hermitian Form on Ctt1 s
n
<Z,W >(p1) = —Zpt1Wnt1 + Z 2 W
k=1

Definition 13. Complex Hyperbolic n-space, denoted HE, is defined to be

the subset P(C"*1) consisting of negative lines in C"*1. As a set, we have
HE = {[v] e P(C""") : < wv,0 > <0}

Definition 14 (Epstein). The tangent space to a nonzero [x] € HE can be
wdentified with

T HE = {[u] e P(C"™) : <wu,z>3,1)=0 and < u,J(x) >¢ 1= 0}.

Is there a way to model Hp and its tangent space in local coordinates
along with the conformal properties that we desire? The following is an

investigation using a similar approach to the Poincare Disc Model.

Definition 15. Let M be the manifold whose First Hermitian Form is con-
stantly -1, 1.e.
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M={weC" : <w,w>u,y= —1}.

Its tangent space unll be
TeM={zeC"™" : <z,w > = 0}.

If welet w = (wy,...,Wp, Wpy1) € C"L then then the “hyperbolic

equation” for M is:

n n

< W, W >(51)= —Wn1Wni1 + Z W = — | Wy |* + Z lwe|* = —1.

k=1 k=1

Observe that the manifold M has real dimension 2n 4+ 1. M is not a
model of Hg¢, but rather contains a model of H{ as a real codimension one
submanifold.

On the other hand, Ty, M is a complex vector space of dimension n. The
condition that < z, w >, )= 0 gives us two real equations to solve for: the
real and imaginary parts. There are 2n + 2 variables and 2 real conditions,
hence Ty, M has real dimension 2n.

Furthermore, Tw M does indeed represent the tangent space to H¢ ( c.c.
Epstein), and it is contained in the tangent space to M at w, which is one
dimension higher. Under the real setting, we can use the Lorenztian inner

product to study the geometry of M, which will now have signature (2n, 2).

3.1. COMPLEX POINCARE MODEL FOR M
Definition 16. Let B = {(z1,...,2,,0) € C"*' : |z]|* < 1}, where

n n

2P =) lal =) azm =) (& +y).
k=1

k=1 k=1
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Definition 17. Let ¥ : B¢ — M by

2 2 1 2
@(Z):(im o +‘Z|).

L=z 1=z 1 — [z

We have that ¥(z) € M because

4]z 2 Az> (14 [2)?
2 ... 2 _ 2 _ el - -
Jwy > 4 -+ |wn)? — |wny] (1= |z2)2 +- (1—|z2)2  (1—|z?)?

_ Az =120 — 2t 14 20p — |zt (|2 — 1)

T 1zP? (—|zP?  (-JP2 "

3.1.1. LocAL COORDINATES OF M
Rewrite each wy, into ug + v, so that for k=1,...,n,

2z, 2xy, w 2yy,
1—lz]>  1—|z*  1—]z]?

W

2xy, 2yy,
u = —— v =
P12 1z
1 2
For k =n + 1, we have that w,; = 1+—;Z=2 € R. Thus
— |z

1+ |z| —
o = 1

Note that the u; and v, play a similar role in the real f;’s from the first

section. That is, each u, and vy are (real) functions in n variables. We are
now in position to compute DV in terms of the real and imaginary parts.
DV will be a (2n + 2) x (2n) matrix and the terms will be ordered in the

following way:
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Ouy/0xy  Oui/Oyr ... Ouy/O0x,  Ou,/Oyn
vy /014 ov /0y ... Ovy/0x, O,/ Oyn
Ou,, /0xy Oun/Oyr ... Ou,/dx,  Ou,/dy,
Ovy, /014 ov,/0y1 ... Ov,/0x, 0,/ Oyn
OUnt1/081 OUpy1 /Oy ... OUpg1 /0%, OUpyr/Oyn
OUpy1/0T1 OUpy1 /Oy ... OUpy1 /0T, OUny1/Oyn

The columns of DV

3.1.2. THE COLUMNS OF DV
Proposition 8. Given DV as above, we have the following column entries:
1. The partial derivatives uy with respect to x and yi are as follows:
(a) Fork=1,....,n, and j=1,...,n, and j # k, we have:

Ouy, dxpx;

Ox;  (1—|z*)*

(b) For j =k we have:

Oup 2 —2|z|* 4 43
Oz, (1—1zP)*

(c) Fork=1,....n,and j=1,...,n, (j =k is allowed), we have

ouy, Adxyy;

dy;  (1—1z)*)*

2. The partial derivatives vy with respect to xy and yi are as follows:
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(a) Fork=1,....,n, and j=1,...,n, and j # k, we have:

Ove  Ayry;

ay; (1= 2P
(b) For j =k we have:

ov, 2 —2|z|* + 4y
Oy (1—z?)?

(¢) Fork=1,...,n,and j=1,....,n, (j =k is allowed), we have:

vy, dypx;

Ox;  (1—1z))*

3. Lastly, the partial derivatives v,41 and u,i1 with respect to x; and y;

forj=1,...,n are as follows:
aUn—i—l _
aUn—i—l
b = 0.
®) 9y;
OUpy1 dx;

() e, = U= PP

aun—l—l 4y]
d = .
@ 5y = U= [aP)P

Proof. These derivatives are straightforward to check and very similar to the

proof worked out in 1.2.1., Prop. 4. O

3.2. THE GEOMETRY OF DV

We want to show that the columns of DU are mutually orthogonal and
independent in length, just as in the real case. Then want to show that the

First Hermitian Form on all the combinations is zero, and is constant with
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respect to itself. Equivalently, because the entries of DV are entirely real,
we use the Lorentzian inner product with signature (2n,2), which will be

denoted < -, - >(2n,2)-

To do this, choose an arbitrary I** column vector with respect to du, and
denote it ;. Similarly choose an arbitrary J column vector with respect

to Ov, and denote it v;. Then write out what the columns look like for I # J:

dxixy 4rix;y

43/11'] 43/1.%]

dxjxp 2—2|z]2+4x2J

dyyxy 4y g
(1_’Z|2)4 Hr = 2—2‘Z|2+4-’E% ) (1_‘Z|2)4 vy = dxrxy

dyrxg dyre s

4x,xr 4x,T

dynxr dy,x g

433'1 41']
0 0

Proposition 9. Given DV above, we have the following for I # J:
1. < pr, by >@2n2) = 0.
2. < pr,Vy >@n2) = 0.
3. <vr, vy >@n2) = 0.

4. The columns of DV are of the same length.
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Proof. Let I # J,and I,J =1,...,n, then
1. When we multiply the I** and J* columns at row I = .J we get

4aray(2 — 2|z)* + 427) = 8v1wy — Swrws|z|? + 162727

(=2t < g > (2n,2)

1 1
:16$1$J($%+yf+"-+§—§|z]2+x3+y3+...

11
to gl Ay ey —1-0)

= 16zx, ( (Z xi+y£> +1—|z* - 1)
k=1

= 16x7z(|z|* — |z*) = 0.

o< g, g >(2n,2) = 0.

2. Similarly, at row I = J we get

Ay (2 = 2|z° + 4y3) = 8xrys — 8lz| w1y + 16y721y,s.
. (]' - |Z|2>4 < pr, vy >(2n,2)

11
:16x1yJ(a:§+yf+x?,+§—§|z|2+y?,+~~
11
ol Ay Y —1-0)
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= 16z7y; ( (Z xz—l—y,%) +1-— |z|2—1>
k=1

= 16z7y, ( |z]> — |z|?) = 0.

< pr vy >omn = 0.

3. If we look at p; versus vy, they only differ by the last indices. So the
computation is exactly the same as before, except we permute I — .J

and conclude that < vr,v; >@,2) = 0.

4. We want to calculate (a) < pur, pr >n,2) and (b) < vj,v; >(2n2) and
show that they are independent of the index for I,J =1,...,n.

(a) First note that when row I = I we get

(2 — 2|z|* + 42%)? = 4|z|* — 8|z|* — 162%|z|* + 1627 + 1627 4 4.

(=2 < > (2n,2)

= 1627 (23 +yi+ -+ 2 =2z + 423 +yi+ -+ 22 +y2 —1-0)

= 1622 (Z a7+ y,3> — 1623|z)? + 4|z|* — 8|z|> + 4
k=1

= 1677 (|z|* — |z|*) + 4(|z|* — 22| + 1)

— 41— [zP)2.

4

m, which is independent.
— |z

Thus < pig, pir >(2n,2) =
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4

(b) By a very similar calculation < vy, vy >@,9) = m
— |z

Definition 18. For any o € DV, we can define a norm on M as

4 2
= /< Seng) = A s = T
o] Q; & > (2n,2) (1— [z]2)? 1—|z?

3.2.1. FINAL REMARKS

What we have shown is that the pull-back of the (2n, 2)-signature form under
V¥ is indeed a conformal Riemannian metric. However, the image N :=
U( Bg) is a codimension one submanifold of M, whose tangent space does
not coincide with that of T M. Note that ¥ is not J—linear:

2i2, 2z, 1+ |z]?
v _ d
("H<Z)) (1 . |Z|2’ ) 1 _ |Z|27 1 _ |Z|2 9 an

J(W(z)) = (ﬂ R 1+,Z‘2>.

L[z "1—[a 12

To get the complex hyperbolic metric, one would need to pull-back the
(2n, 2)-signature form under the map ¥ : TN — TM, where ¥ = F o U,
and where I : C"*1 — C"*! is linear. There are many such maps, but it is

unclear if there is a nice one that makes it easy to do the calculations.

REFERENCES

[1] Epstein, Warwick and Durham, Analytical and Geometric Aspects of
Hyperbolic Space, London Mathematical Society Lecture Note Series
#111, Cambridge University Press, 1987.

[2] Goldman, W.M., Complex Hyperbolic Geometry, Clarendon Press, Ox-
ford, 1999,



[3]

[4]

MODELS OF HYPERBOLIC GEOMETRY 23

Naber, G.L., The Geometry of Minkowski Spacetime, Applied Mathe-
matical Sciences, Volume 92, Springer-Verlag New York, 1992.

Parkkonen, J., Paulin, F., Prescribing the behaviour of geodesics in
negative curvature, J. Geometry & Topology 14 (2010) 277-392.

This paper is part of the Master of Arts in Mathematics requirement
at San Francisco State University, Department of Mathematics:
TH 937, 1600 Holloway Avenue, SF, CA 94132.

Email: staley.d.matthew@gmail.com



